In this paper, we prove some generalizations of Caristi's fixed point theorem, and then we give applications to Ekeland's variational principle and maximal element theorem.
(1) γ is subadditive; (2) γ is continuous at 0; (1) every nondecreasing sequence in X is bounded; (2) there existsx ∈ X such that φ(x, ·) is a nondecreasing function.
Then, for each x 0 ∈ X, there exists x * ∈ X with x 0 x * such that
Proof. Let θ(x) = φ(x, x) for all x ∈ X, wherex ∈ X such that φ(x, ·) is a nondecreasing function. By Brézis-Browder principle [3] , we have desired result.
Caristi's fixed point theorem
Let (X, d) be a metric space, and let Ψ(X) be the family of all map ψ : X × X → R satisfying the following conditions:
(1) there existsx ∈ X such that ψ(x, ·) is lower semi-continuous and bounded from below;
We denote Ψ (X) by the family of all map ψ ∈ Ψ(X) such that ψ(x, x) = 0 for all x ∈ Z.
In similar way in [8, 9] and in [11] , we obtain the following Lemma 2.1. Here, we give detailed proof of Lemma 2.1. Lemma 2.1. Let (X, d) be a complete metric space, and let γ ∈ Γ and ψ ∈ Ψ(X). Define a relation on X by
for all x, y ∈ X, wherex is the point in X such that ψ(x, ·) is lower semicontinuous and bounded from below. Then (X, γ ) is a partial odered set which has a maximal element.
Proof. It is easy to see that (X, γ ) is a partial odered set. 
Now, let {x n } be a nondecreasing sequence in X. Then {φ(x, x n )} is bounded from above and nondecreasing in R. Thus, {φ(x, x n )} is convergent, and hence it is a Cauchy sequence.
For n ≤ m, we have
Thus, x n γ x for all n ∈ N. Hence {x n } is bounded. By Lemma 1.2, for each
for all x ∈ X, where γ ∈ Γ and ψ ∈ Ψ(X). Then T has a fixed point in X.
Proof. By Lemma 2.1, the partial odered set (X, γ ) has a maximal element, say
Let Ω be the family of all function η : [0, ∞) → [0, ∞) satisfying the following conditions:
Theorem 2.2. Let (X, d) be a complete metric space, and let ψ ∈ Ψ (X). Suppose that a mapping
for all x ∈ X, where η ∈ Ω.
Then there exists a nonempty subset Y of X such that T has a fixed point in Y , and hence T has a fixed point in X.
Proof. Letx ∈ X be the point such that ψ(x, ·) is lower semi-continuous and bounded from below on X.
Let α = inf{ψ(x, x) : x ∈ X}, and let > 0 be such that α
Hence, T x ∈ Y , and so T (Y ) ⊂ Y . From (2.6) and (2.7) we have
Since η ∈ Ω, there exists γ ∈ Γ such that
γ(d(x, T x)) ≤ η(d(x, T x)) ≤ ψ(T x, x)
for all x ∈ Y . By Theorem 2.1, T has a fixed point in Y .
Remark 2.1. (1) condition η(0) = 0 is the essential condition for the existence of a fixed point for map
T satisfying (2.5) (see [12] ). In fact, if x = T x and η(0) > 0, then from (2.5)
2 is a generalization of a result in [1] . The author [1] proved the existence of a fixed point under assumptions of Theorem 3.4 , and assumption of the following additional condition: 
for all x ∈ X, where y ∈ F x and ψ ∈ Ψ (X). Then F has a fixed point in X, i.e. there exists x ∈ X such that x ∈ F x. 
Applications
As a application of generalized Caristi's fixed point theorem, we derive the following Ekeland's variational principle. Then there exists x ∈ X such that
for all x ∈ X with x = x.
Proof. On the contrary, assume that for each x ∈ X, there exists y ∈ X with
We define a set-valued mapping F :
By Corollary 2.3, there exists x ∈ X such that x ∈ F x. But x ∈ F x, which is a contradiction. Then there exists x ∈ X such that F x = ∅.
Proof. From Theorem 3.1 there exists x ∈ X such that
for all x ∈ X with x = x. We show that F x = ∅.
On the contrary, assume that F x = ∅. By assumption, there exists y = y(x) ∈ X with y = x such that
η(d(x, y)) ≤ ψ(y, x).
It follows that η (d(x, y)) ≤ ψ(y, x) < η(d(x, y) ) which is a contradiction. Hence F x = ∅. 
